In this article we study the gauge invariant effective energy momentum tensor for cosmological perturbations in f (R) gravity during the inflationary epoch. Considering the super-horizon regime, we derive the effective energy density up to the one-loop corrections. It describes the back-reaction effect of the fluctuations on the background space-time.
fields playing a role during the inflationary era [19] . Considering the effects of super-horizon modes on the gauge invariant EMT during the inflationary epoch in f (R) gravity, here we would see that there is a strong infrared behavior which would be regulated using the slow roll parameters such as GR. Using the effective energy density up to the one-loop order of perturbations amplitude, it could be possible to consider the quantum correction of power spectra [14] . However, to find the complete corrections of power spectra, it is necessary to compute the sub-horizon contributions of perturbations in the effective EMT which is not discussed here.
The organization of this paper is as follows. In the next section, we briefly explain the gauge invariant effective EMT. In section 3, metric and scalar field perturbations and their contributions in the time-time component of effective EMT, effective energy density, would be studied. We will show that the strong infrared behavior is obtained assuming the nearly scale invariance of the scalar field fluctuations and keeping only the quantum corrections up to the order O(H 2 κ 2 ) (κ 2 = 8πG). It should be noted, however, that this effect depends on the specific form of the modified gravity. Considering the super-horizon effect of scalar perturbation modes, we have derived the effective potential and power spectrum of curvature perturbation for a special model of f (R) gravity in section 4. The gravitational waves back-reaction will be considered in section 5. It is shown that the super-Hubble tensorial modes do not have any infrared enhancement in f (R) gravity such as GR and so during the slow roll inflationary epoch, it would be correct if we calculate the effective energy density for an exact de Sitter background space-time.
Effective Gauge invariant EMT
In this section, we would like to study the gauge invariant effective EMT for metric perturbations, both scalar and tensor, in the Jordan frame of f (R) gravity. This tensor is computed up to the second order of perturbations and describes the back-reaction of the scalar and tensor fluctuations on the inflationary background. From [6, 7] , we know that the back-reaction effects of the scalar and tensor fluctuations are decoupled in GR. Here we follow the method of [7] and extend it for f (R) gravity. As a starting point, we know that because of the homogeneity and isotropy of the background metric, the spatial average of perturbations vanishes. Thus the effective EMT consists of quadratic terms in metric and scalar fluctuations, but it is not an explicit gauge-invariant expression. To build the corresponding gauge-invariant quantity, let us first consider f (R) action in the Jordan frame along with a scalar field φ moving in the potential V (φ) as
Varying this action with respect to the metric, we obtain the equation of motion for metric
To obtain a gauge invariant EMT, we define a new tensor
Expanding the above tensor in terms of metric and the scalar field perturbations up to the second order and then by spatial averaging of it, we get
where q a is a collective variable whose background value and the corresponding perturbed one are represented by q a 0 and δq a , respectively. The right side of the above relation is of the second order if δq a satisfies the linearized perturbed equations of motion. Moreover it does not depend on the chosen gauge which means that it would be unchanged under the general coordinate transformation generated by a given vector field ξ [7] x α = e ξ β ∂ β x α (5) leading to the following diffeomorphism for variable q
It is assumed that ξ = 0 and L ξ denotes the Lie derivative with respect to the vector field ξ. It should be noted that the coordinate transformation (5) could not cover all coordinate transformations but as it is mentioned in [7] , this class of diffeomorphisms is wide enough for our purposes. From (6) , up to linear order of δq, we would have
On the other hand for a tensor field which is constructed from the metric and its derivatives, the following relation would be satisfied [20] (
Using this, one can explicitely show that H µν is a gauge invariant quantity [7] . Therefore, it is more appropriate to write it in a gauge invariant form. To do this, instead of δq a , it is useful to introduce some gauge invariant quantities, δQ a (like the Bardeen potentials), which are made from the background variables and their linear perturbations. So the gauge invariant EMT takes the following form
In the next section, we want to calculate this quantity in the Newtonian gauge for a slow roll inflationary universe. It should be noted that in the above expression, only the expectation values of quadratic perturbations have appeared. Thus, it could be said that, it is actually one loop quantum correction of the EMT.
Scalar perturbations
To find the effective gauge invariant EMT, at first, we should derive the governing equations for the gauge invariant scalar perturbations. For a spatially flat FLRW background with the scale factor a(t), the generalized Friedmann equations and the Klein-Gordon equation for the scalar field are [3] 3F
− 2FḢ =F − HḞ + κ 2φ2 0 (11)
where F (R) ≡ ∂f ∂R , H is Hubble parameter, R = 6(2H 2 +Ḣ) is the Ricci scalar, φ 0 is the background scalar field and dot denotes the time derivative. We consider small perturbations around FLRW metric
where Φ, Ψ, γ and β are scalar perturbations and D ij is the symmetric, divergence-less and trace-less tensor perturbation of the metric. Here we choose the Newtonian gauge because it is convenient for calculations, it does not leave a residual gauge symmetry and, more importantly, the gauge invariant combinations of the metric perturbations reduce in this gauge to the metric perturbations Φ and Ψ. In this gauge
and the Fourier transforms of the metric and scalar perturbations, δφ k , satisfy in the following equations [21] 3
in which we have used the relations
where k is comoving wavenumber. During the inflationary era, the slow roll parameters are defined as [6] 
Keeping only the leading order terms in slow roll parameters, equations (15)- (19) are further simplified to
These equations are highly coupled and thus it is hard to deal with them. To go further, we use the fact that the action (1) is conformally equivalent to Einstein gravity by defining a minimally coupled new scalar field, ξ, which is itself coupled to the φ field. The study of cosmological perturbations could be simpler in this new frame, the so called Einstein frame. The results in the the Jordan frame are finally obtained by an inverse conformal transformation. Before applying the conformal transformation, it would be convenient to express (13) in terms of the conformal time, η = dt/a(t), as follow
Now let us use the conformal transformatioñ
and also set the auxiliary field and its potential as follows
Perturbing the conformal metric, the relationship between the scalar perturbations of metric in two frames is obtained [6] 
where R 0 is the background Ricci scalar. From above we see
This relation is used further in this section. By using (28)-(30), action (1) takes the following form in the conformal frame [22] 
which consists two scalar fields coupled minimally to gravity. Varying the above action with respect to the conformal metric and scalar fields ξ and φ yields
A prime denotes derivative with respect to the conformal time and zero index indicates the background fields. By taking the time derivative of the last equation and using equations (34) and (35), we obtain another useful relation
Now using the slow roll parameters defined in Einstein frame [22] 
equations (34)-(36) can be written as
and the perturbed Einstein equations in the Newtonian gauge take the following form
δξ is the fluctuation of ξ and we have used the fact thatΦ =Ψ in the absence of any anisotropic stress. Subtracting (42) from (43) and using relations (37), (39), (40) and (44), after a little algebra
In the super-horizon regime, it is useful to define a new time variablet = ã(η)dη and then write the above equation as
Then, the solution of this equation is
in which C and D are integration constants. The first term represents the dominated non-zero constant mode, while the second term is the decaying mode which can be ignored. Also, from relation (32), we find that
To simplify further analysis, without loss of generality, we may write this constant as
where h is another constant which can be obtained by the initial condition of metric perturbation in the Jordan frame at the time of horizon crossing [21] . By using equation (29) , it is straightforward to see that δF 2F = κ 2 6 δξ (50)
Substituting the above results into (44) and using the first two relations of (31), we find that
Now from (31), we can find the scalar metric perturbations in the Jordan frame, for super-horizon regime, as following
where H = a ′ a . Also we have used the definition of slow roll parameters (22) and the two background equations (11) and (12) . Here, one can easily determine the order of magnitude of C introduced in (49). In GR, in the super-horizon regime, the curvature perturbation, [18] . On the other hand, according to [21] and [23] , in f (R) gravity, the curvature perturbation, in the super-horizon limit, has a dominated constant mode of this order. Hence by comparing this definition of the curvature perturbation with equation (53),
is of the order of 1 √ ǫ 1 .
Substituting (52) and (53) into (26) and rearranging yield the dynamical equation of scalar field fluctuation in the Jordan frame 1
Introducing a new variable χ k = aδφ k and converting cosmic time to conformal time, equation (54) now reads
On the other hand, it is well known that the slow roll approximation corresponds to an expansion around de Sitter space-time with the scale factor a(η) ∝ | η | −1 . Thus from the definition of the first slow roll parameter, (22) , one can easily show that
Substituting (56) in (55), gives
ν δφ (k|η|) is the first kind Hankel function of order ν δφ and P.S. denotes the particular solution of equation (55) which can be written in terms of the Green function as follow
where the lower limit η * = −1/k refers to the lower boundary of the region of integration in which the super-horizon approximation is valid. Using the step function, θ(η − η ′ ), the retarded Green function can be written as [24] G(η, η ′ ) = 1 3
Substituting this expression into (58) and retaining the leading term, give
where we have written the result in terms of the dimensionless scale parameter a = η 0 η + O(ǫ). In what follows, we consider some models with η δφ ∼ O(ǫ) ≪ 1. As we will see later, the smallness of η δφ can regulate the simple pole appearing in the effective energy density. In general, this parameter is not necessarily small but we will show that, under some special conditions, it is of the order of the slow roll parameters. To find a specific model of modified gravity with η δφ ≪ 1, note that according to the relations
along with the fact that the time derivative of the slow roll parameters are of the second order, it would be easy to conclude that
From the definition of η δφ , when ǫ 3 ǫ 1 + 1 ∼ O(ǫ), one gets η δφ ≪ 1. On the other hand in a model such as f (R) = R + α M 2 R 2+ ǫ 3 2 2 , the second term is dominated at the early times and so, this model can be considered as a toy model here. This means that our desired models of modified gravity have a small deviation from Starobinsky model [25] . The smallness of η δφ is demanded because it enables us to describe the scalar fluctuations as a light field according to (55). In GR, in the inflationary epoch, the power spectrum of a light scalar field is nearly scale invariant and here, we would like to consider some specific models with this property. The mentioned model is just an example, but it is not the only one. Hereafter, we would restrict ourselves to such models. Now we are ready to find the effective gauge invariant EMT in f (R) gravity. Fortunately it is enough to calculate just those terms of the effective EMT which are proportional to Φ 2 . At first, we have to find the right hand side of equation (9) . Equation (3) gives the second order expansion of H µν as δH (2) µν,ab = − 1 4
where δT M µν is the second order expansion of the scalar field EMT. Since we have restricted our calculation to the super-Hubble modes, it would be possible to ignore all spatial gradients in the 2M −2 ≡ κ 2+ǫ 3 and α is a dimensionless constant. above expression. Thus the time-time component of the effective gauge invariant EMT tensor (9) has the following form
in which we have used the relations (48) and (49) to write Ψ in terms of Φ and the expectation values are in the Bunch-Davies vacuum state. By using the above relation and neglecting the time derivative of metric perturbations, the effective energy density up to the leading order of slow roll parameter is
where we have used the Gaussianity of the fluctuations, Φ = δφ = 0, and relation (52) to write Φ in terms of δφ. Also the subscript IR indicates the contribution of the super-horizon modes. As it is clear, the first term in the first line of (65) is made up of the scalar metric perturbations and it does not appear in GR. The last term in (65) comes from the constant part of relation (52), and as mentioned before, it could have a significant contribution in the effective energy density. Now let us pay our attention to calculate the expectation value (65). The quantized scalar field fluctuation can be expanded as
where Ω is the spatial volume, b k and b * k are the creation and annihilation operators which obey the standard commutator relations, k is the comoving wave vector and χ k is given by (57). Using Bunch Davies vacuum, we find that
where z = kη, γ = h(ǫ 1 −η δφ −2ǫ 2 ) √ κ 2 ǫ 1 and the cutoff Λ p is an indication of ultraviolet divergences which would be removed by re-normalization. The two last integrals are finite in the infrared limit and thus these terms do not lead to any infrared enhancement. Moreover, at the initial time when a → 0, these terms tend to zero, thus we can ignore them. Here, we discuss models in which η δφ ≪ 1, so the scalar field fluctuation is described by a light scalar field, just like GR. Thus, in these models, beside the ultraviolet divergences, we would have an infrared divergence which appears as a simple pole. This is followed from the first term of (67). To solve this integral, we have used the asymptotic behavior of the integrand [14] 
where ∆ δφ = 3/2 − ν δφ and Γ is Gamma function. We thus arrive at
where γ is the Euler-Mascheroni constant. The simple pole appearing above, would be compensated by the slow roll coefficients in the effective gauge invariant energy density and so would be finite. The contribution of the other terms in the effective energy density, after re-normalization, are some finite values of order O(H 4 η δφ ) or O(H 4 ǫ) and can be ignored in the super-horizon regime. Substituting these into (65), finally we get
It might look strange that the super-Hubble modes can influence on the background space-time in such a way that an observer could measure their effects locally. This is in fact the reason that these modes have less been considered in the literatures than the sub-horizon modes. The effects of super-horizon modes are discussed in detail by Brandenberger and and his co-authors [8, 13] 3 As an instance, we consider the inflationary model f (R) = R + α M 2 R 2+ǫ 3 /2 . In this case, the dominate terms of effective energy density are of the zeroth order of slow roll parameters as follows
This can be compared with the corresponding result in GR [14] τ 0 0 IR = 3H 4 (4π) 2
To clarify more, using the definition of η δφ in terms of slow roll parameters, one can simplify the first two terms of (71). This gives
Since h 2 ∝ ǫ −3 1 and ǫ 1 ≃ −ǫ 3 in the above mentioned model, the second term of (73) is also of zeroth order in the slow-roll parameters. This term would be the dominated term in the effective energy density for some models for which the coupling constant α is of O(10 −1 ), e.g. the Starobinsky model in which α ∼ 1 6 .
Effective potential and power spectrum of the curvature perturbation
Noting the effective energy density (71), one can define the following effective potential
In our model,
is satisfied up to the zero order of slow roll parameters in inflationary era. This leads
(75) This expression gives the effect of super-horizon modes which is of order κ 2 H 2 . By this potential, the effective Hubble parameter can be defined as
in which
Now one can find the effective power spectrum of the curvature perturbation as follow [3] P
where Q s ≡φ 2 0 + 3Ḟ 2 2κ 2 F (H+Ḟ 2F ) 2 and for our model Q s = 6 κ 2 F ǫ 2 1 ≃ 144αH 2 ǫ 2 1 . The above relation can be written in a simplified form as follows [3] P
where the effective slow roll parameter is defined as
Here, it is useful to express some relations between the slow roll parameters in our model
. So we would have
Using equation (80), the effective power spectrum of the curvature perturbation is obtained
The leading term of the last equation is
By noting that ζH 2 ∼ O(κ 2 H 2 ) ≪ 1, the above result is compatible with what was found in Starobinsky model [3] .
Tensor perturbations
In this section we would consider the tensor perturbation. Since we have assumed that the spatial averaging of any perturbation vanishes, we could ignore the coupling of scalar, tensor and vector perturbations and consider each one as a separate Gaussian field [26] . On the other hand, according to what is mentioned in [13] , the physical processes that give rise to the gravitational waves and to the scalar perturbations are disconnected. Keeping this in mind, here, we would like to study the back-reaction of metric tensor perturbation by considering the effective energy density. Even though in the inflationary era, the back-reaction of metric scalar perturbations would be more important than those of gravitational waves, but considering it could be useful. In f (R) gravity, just like GR, we will show that the effective energy density only depends on the derivatives of D ij and so it will not appear any infrared singularities and we can set the slow roll parameters to zero. Thus for extracting the leading order of the effective energy density, we could calculate it in the exact de Sitter space-time, like what have been done in [22, 27, 28, 29] for GR. To do this, at first, we will write the spatial average of the effective energy density at the second order of tensor perturbation as follows and then we will focus on the effects of the super-horizon modes. As regards, in de Sitter inflation, the sub-horizon modes are in their vacuum state, thus their effects vanish upon renormalization [13] . As it is mentioned in [13] , these modes could have a locally measurable effect which would not violate causality, so the studying of these modes would be interesting. In this section we would show that the contribution of the super-horizon tensor modes in the effective energy density, depending on the model, could be negative exactly like GR. In the following we would obtain the full form of the time-time component of effective EMT for the gravitational waves. Since the contribution of long wavelength gravitational waves in the energy density is sub-dominated, ρ IR GW ≪ H 2 /κ 2 , we will consider these fluctuations as the classical tensor fields [13] . So equation (63) takes the following form To find the effective energy density, let us expand the tensor perturbation in terms of two polarization states as follow
where λ shows the polarization states, the indices i, j = 1, 2, 3 and the non-zero polarization tensors are ǫ 11 (k = z, +×) = −ǫ 22 (k = z, +×) = ∓iǫ 12 (k = z, +×) = ∓iǫ 21 (k, +×) = 1 √ 2 (88)
which are satisfied the transverse-traceless condition and also the following normalization condition
The tensor perturbation of metric is a conformal and gauge invariant quantity, so we could consider the evolution of tensor perturbation in the Einstein frame and at the end, we would replace the background functions in the Einstein frame with their corresponding functions in the original frame [6] . The governing equation of tensor perturbation is
Denoting the initial amplitude of the gravitational wave by A k , one can define the primordial gravitational wave spectrum as
Hence, (93) would be
in which k min and k hor are the infrared and ultraviolet cutoffs. By assuming that both polarization states have the same amplitude, hereafter we have dropped the index λ. Now using the solution (92), we could achieve the Fourier transform of the effective energy density (94) up to the leading order of k. This means that the kinetic terms and the second and higher order of time derivatives of D k are negligible. Using H = − 1 η for de Sitter space-time, one finds
for the super-horizon modes. The primordial power spectrum of the gravitational waves [13] is given by
where k * is the pivot scale by which the tensor spectrum is normalized, A T (k * ) is the amplitude of power spectrum at that scale and n T ≃ −2(ǫ 1 + ǫ 3 ) is the power spectral index. Now, by substituting (97) and (98) in (96), we have found that for n T > −2, the effective energy density of tensor fluctuation would be 
where in this model |n T | ≪ 1. Thus, the effective energy density has a small correction of order κ 2 H 2 . The above negative effective energy density of gravitational waves are exactly similar with the corresponding results in GR.
Conclusion
In this paper, we have considered the effective energy density in f (R) gravity in the slow roll inflation considering the super-horizon regime. Computing the second order perturbations of Einstein tensor, we have obtained the gauge invariant effective energy density which could be interpreted as the backreaction of perturbations on the background space-time. In GR, it is shown that the nearly scale invariant power spectrum of the quantum inflaton fluctuations could lead an infrared enhancement of the effective energy density. Here, we have found that choosing some special models of f (R) gravity, it would be possible to have a nearly scale invariant power spectrum for scalar perturbations. Moreover we have shown how the scalar perturbations could have an infrared contribution in the effective energy density in f (R) gravity. This infrared enhancement could be described as a quantum correction in the Friedman equation or indeed effective potential. It is an effect which purely raised by the super-horizon modes. Moreover, it has not appeared any infrared effect in the effective EMT in f (R) gravity, like GR. It does not mean, however, that the super-horizon tensorial modes do not have any effect on the background space-time. We have shown that depending on f (R) model, the effective EMT of the super-horizon modes, could have a negative sign contribution like in GR.
